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, $C^{*}$ $C^{*}$ ,
.
, $X$ $C^{*}$ $C(X)$ ,
oehomology $($ [10], [11], [18], $[19|)$ .
$C^{*}$ . $(\begin{array}{l}01\mathrm{o}\mathrm{o}\end{array})\in M_{2}$ ,
. $C^{*}$ ,
. , (2 ) ,
) $n$ .
Definition 0.1. $C^{*}$ $A$ (square root closed) , $A$ $a$
, $a=b^{2}$ $A$ $b$ . $C^{*}$ $A$




(2) $A$ $C^{*}$ , $A\otimes M_{2\infty}$ ,
(3) $\mathrm{T}$ Goodearl $C^{*}$ $A$ , $A$ , $K_{1}(A)$ 2
.
1 $\mathrm{A}1$
$n\cross n$ $M_{n}$ , , .




$C^{*}$ , $\{A_{n}\}$ $C^{*}$ , $\varphi_{n}$ : $A_{n}arrow A_{n+1}$ *A ,
$(A, \{\mu_{n}\})$ $(A_{n}, \varphi_{n})$ , A $C^{*}$ , $\mu_{n}$ : $A_{n}arrow A$ *A
, $A= \lim_{arrow}(A_{n}, \mu_{n})$ .
(i) $n$ $\mu_{n}=\mu_{n+1}0\varphi_{n}$ .
(ii) $C^{*}$ $B$ , *\sim $\lambda_{n}$ : $A_{n}arrow B$ $\lambda_{n}=\lambda_{n+1}0\varphi_{n}$ , *\mbox{\boldmath $\varphi$}
$\lambda:Aarrow B$ $n$ $\lambda_{n}=\lambda\circ\mu_{n}$ .
0* $\mathrm{A}\mathrm{F}$ , $C^{*}$ .
$\mathrm{A}\mathrm{F}$ , .
, $\mathrm{A}\mathrm{F}$ . , $\mathrm{A}\mathrm{F}$ ,
. $C(\mathrm{T})$
.
$c.*$ $A$ (FN) , $\epsilon>0,$ $A$ $a$ ,
$A$ $b$ ||a-&|| $<\epsilon$ .
$C^{*}$ $A$ (FN) ,




([13]), $\mathrm{A}\mathrm{F}$ (FN) ([14]). $\mathrm{A}\mathrm{F}$
.
, $I$ $[0_{\neq}1]$ . $I$ $n\mathrm{x}n$ $C(I^{l}, M_{n})$
.
Example 11. $C(I, M_{2})$ . ,
$f(t)=\{$
$(\begin{array}{ll}1 00 0\end{array})+\mathrm{e}^{6\pi it}(\begin{array}{ll}0 00 1\end{array})$ $(0\leq t\leq 1/3,2/3\leq t\leq 1)$
$\frac{1}{2}(\begin{array}{ll}1 11 1\end{array})+ \frac{1}{2}e^{6\pi it}(\begin{array}{ll}1 -- 1\end{array})$ $(1/3\leq t\leq 2/3)$
.
12, L3, 14 , $C(I, M_{n})$ 4









$C(I, M_{2})$ . , $C(I, M_{2})$ $h$ :
$h(t)=\{$
$(\begin{array}{ll}1 00 0\end{array})+e^{3\pi it/\theta}(\begin{array}{ll}0 00 1\end{array})$ $t\in[0, \theta/3]$
$u(t)(\begin{array}{ll}1 00 -1\end{array})u(f)^{*}$ $t\in[\theta/3,1/3]$
$\frac{1}{2}(\begin{array}{ll}1 11 1\end{array})+ \frac{1}{2}e^{3\pi it}(\begin{array}{ll}1 -1-1 1\end{array})$ $t\in(1/3,2/3)$
$(\begin{array}{ll}1 00 0\end{array})+e^{3\pi i4}(\begin{array}{ll}0 00 1\end{array})$ $t\in[2/3,1]$
$1-\theta$ , $||f-h^{2}||$ .
$f$ $C(I, M_{n})$ , $t\in I$ , $f(t)$ , ,
$\lambda_{1}(t),$ $\ldots)\lambda_{n}(t)$ $f(t)$ , $P_{i}(t)$ $\lambda_{i}(t)$ 1 , $f(t^{\backslash })=$
$\lambda_{1}(t)P_{1}(t)+\cdots+\lambda_{n}(t)P_{n}(t)$ . Rouche , $\lambda_{i}$ $I$ ,
$P_{i}$ .
.
, $\lambda_{1},$ $\ldots,$ $\lambda_{n}$ $I$ .
, .
Lemma 12. $\epsilon>0$ , $f= \sum_{i=1}^{n}\lambda_{i}P_{i}$ $C(IM_{n})\}$ , $C_{j}$ $I\mathrm{x}\mathbb{C}$
, $t\in I$ $C_{j}(t)$ 6 $\mathbb{C}$ , $D_{[mathring]_{j}}(t)$ $C_{j}(t)$
. $f(\mathcal{E})$ $\bigcup_{j}D_{j}^{\mathrm{o}}(t)$ , $Q_{1},$ $\ldots,$ $Q_{n}\in C(f_{:}NI_{a},)$
$||f- \sum_{i=1}^{n}\lambda_{\dot{f}}Q_{i}||<2\epsilon$ .
, $I$ ( )
, ,
Proposition L3. $\epsilon>0$ , $f= \sum_{i=1}^{n}\lambda_{i}P_{i}$ $C(I, M_{n})$ . ,
$Q_{1},$
$\ldots,$
$Q_{n}\in C(I, M_{n})$ $||f$ -\Sigma 1 $\lambda_{i}Q_{i}||<\epsilon$ .
Corollary 1.4. $C(I, M_{n})$ .
$c*$ $\mathrm{A}\mathrm{I}$ , $I$ $C^{*}$
.
$\mathrm{A}\mathrm{I}$
$A= \lim_{arrow}A_{n}$ (A $I$ $C^{*}$ )
$A_{n}$ , Loring .
$C^{*}$ $A$ 1 , $\epsilon>0,$ $a\in A$ , $||a-b||<\epsilon$
$b\in GL(A)$ . , $GL(A)$ $A$
H. Lin ([13]) , Friis-Rordam([7]) T. A.
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Loring([16]) , .
Theorem L5 (Loring, Theorem 1927[16]). $\mathfrak{B}$ 1 $C^{*}$
. $\mathfrak{B}$ $\{B_{n}\}$ , $\prod_{n=1}^{\infty}B_{n}=\{(b_{1}, b_{2_{\rangle}}\ldots) : \sup_{i}||b_{i}||<+\infty\}$
$,$
$\oplus_{n=1}^{\infty}B_{n}=$
$\{(b_{1}, b_{2}, \ldots) : \lim_{iarrow\infty}||b_{i}||=0\}$ . $\mathrm{D}=\{z\in \mathbb{C} : |z|\leq 1\}$ , $C(\mathrm{D})$ $\mathfrak{B}$
, , *B $\varphi:C(\mathrm{D})arrow\prod_{n=1}^{\infty}B_{n}/\oplus_{n=1}^{\infty}.B_{n}$ ,
* $\overline{\varphi}:\mathrm{C}(\mathrm{D})arrow \mathrm{H}_{n=m}^{\infty}$ $B_{n}$ , $p_{m}\circ\overline{\varphi}=\varphi$ . , $\rho_{m}$ : $\mathrm{H}_{n=m}^{\infty}$ $B_{n}arrow$
$\prod_{n=1}^{\infty}B_{n}/\oplus_{n=1}^{\infty}B_{n},$ $(b_{m}, b_{m+1}, \ldots)\mapsto(0,$. $-\cdot, 0, b_{m}, b_{m+1}, \ldots)+\oplus_{n=1}^{\infty}B_{n}$ .
15 14 , .
Theorem 16. $\mathrm{A}\mathrm{I}$ .
Remark 17. $\mathrm{A}\mathrm{F}$ $\mathrm{A}\mathrm{I}$ .
2 $K_{1}$
$C(\mathrm{T})\otimes M_{2}$ . $C(\mathrm{T})$ , $f\in C(\mathrm{T})$ $C(\mathrm{T})\otimes l\mathrm{t}/I_{2}$
, $f\otimes 1_{2}$ . $f\in C(\mathrm{T})$ ,
$(\begin{array}{ll}\mathrm{O} f1 0\end{array})=(\begin{array}{ll}f 0\mathrm{o} f\end{array})$
, $(_{10}^{0f})\in C(\mathrm{T}, M_{2})$ , . ,
$f=e^{i\arg f}|f|=e^{i\arg f}|f|^{\frac{2}{2}}|f|^{\frac{1}{2}}$
,
$y= \mathrm{C}_{|f|}^{0}\frac{1}{2}$ $-|f|^{\frac{L_{1}}{2}})0\in C(\mathrm{T}, M_{2})$
, $y$ , $y^{2}=f\otimes 1_{2}$ .
.
Lemma 2.1. $x$ $C^{*}$ $A$ . , $A\otimes M_{n}$ $y$ ,
$x\otimes 1_{n}=y^{n}$ .
$A$ $C^{*}$ , $\varphi:A\otimes M_{2^{n}}arrow A\otimes M_{2^{n+1}}$ $\varphi(a)=(_{0a}^{a0})$ , $C^{*}$
$A\otimes M_{2^{\varpi}}$ , $A\otimes M_{2}arrow A\varphi 1\otimes M_{4}arrow A\varphi 2\otimes M_{8}arrow\varphi \mathrm{s}\ldotsarrow A\otimes M_{2^{\infty}}$ .
Lemma 21 , .
Theorem 22. $A$ $C^{*}$ . , $A\otimes M_{2}\infty$ ,
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$A$ $C^{*}$ , $U_{n}(A)$ $M_{n}(A)$ , $U_{n}^{0}(A)$ $M_{n}(A)$
, $U_{n}^{0}(A)$ $U_{n}(A)$ . $U_{n}(A)\ni A\mapsto$
$(_{0I}^{A0})\in U_{n+1}(A)$ , $U_{n}(A)/U_{n}^{0}(A)$ $U_{n+1}(A)/U_{n+1}^{0}(A)$ $\text{ ^{}\backslash }\Pi\overline{\mathrm{R}}$ $\text{ }\Phi*\text{ }$ .
$\lim_{arrow}U_{n}(A)/U_{n}^{0}(A)$ $K_{1}(A)$ , $A$ $K_{1}$ .
$A$ $C^{*}$ . $K_{1}(A)$ 2\check c‘‘ \Pi IJ , ff ‘ $x\in K_{1}(A)$ , $x=2y$
$y\in K_{1}(A)$ .
$C^{*}$ $A$ 1 , $M_{n}(A)$ 1 , , $U(A)arrow K_{1}(A)$ S
. [20]
.
Proposition 23. $A$ 1 $C^{*}$ .
(1) , $K_{1}(A)$ 2 .
(2) $K_{1}(A)$ 2 , $A$ .
23 , 1 $C^{*}$ $C(X)$ , $C(X)$ ,
$K_{1}(C(X))$ 2 . ($n$
) $C^{*}$ $A\cong C(X)$ , $A$ 1 , $X$ 1
. $X$ , c.ohomology
$\pi_{1}(X)$ , $K_{1}$ first $\check{\mathrm{C}}$ec.h cohomology $\check{H}^{1}$
, [3] first Cech cohomology $\check{H}^{1}$ $C(X)$
$n$ .
Definition 24. $X$ Hausdorff , $\{x_{n}\}$ $X$ , $\{k_{n}\}$
, $n$ $k_{n}$ $k_{n+1}$ . *k $\varphi_{n}$ : $C(X, M_{k_{n}})arrow C$ ( $X_{7}$ j{/ +l)
$\varphi_{n}(f)(_{X\grave{)}}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(f.(x), \ldots, f(x)f(x_{n}), \ldots, f(x_{n}))\infty’$
$(f\in C(X, M_{k_{n}}),$ $x\in X)$
$s(n)$
. , $(C(X, M_{k_{n}}.),$ $\varphi_{n})$ $C^{*}$ $A$ , $X$
Goodearl $C^{\mathrm{v}}$ ,
$\{x_{n}\}$ $X$ , $A$ , Goodearl [8] .
$\mathbb{T}$ Goodeml $C^{*}$ $\lim_{arrow}(C(\mathrm{T}, M_{k_{n}}\rangle, \varphi_{n})$ , $\mathrm{A}\mathrm{I}$ $\text{ }\Pi\overline{\circ}$
, * $\varphi_{n}$
, $A$ . , $K_{1}(C(\mathrm{T}, M_{k_{n}}.))$ $\mathbb{Z}$ ,
$K_{1}(A)= \lim_{arrow}K_{1}(C(\mathrm{T}, M_{k_{n}}))$ 2 , *T $\varphi_{n}$
.
Goodearl $C^{*}$ , .
Theorem 25. $A$ Goodearl $C^{*}$ . , .
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(1) $A$ .
(2) $n$ , $s(m)$ $m\geq n$ .
(3) $K_{1}(A)$ 2 .
[1] B. Blackadar, $K$ -theory for operator algebras, Mathematical Sciences Research Institute
Publications Vol. 5, 2nd ed., Cambridge Univ, $\mathrm{P}\mathrm{r}.$ , Cambridge, 1998.
[2] –, Symmetries of the CAR agebra, Ann. Math. 131 (1990), 589-623.
[3] A. Chigogidze, A. Karasev, K. Kawamura, and V. Valov, On commutative and non-
commutative $C^{*}$ -algebras with the approximate n-th root property, preprint.
[4] K. R. Davidson, $C^{*}-$algebras by example, Fields Institute Monographs Vol. 6, Amer. Math.
Soc., Providence, $\mathrm{R}\mathrm{I}$ , 1996.
[5] D. Deckard and C. Pearcy, On matnces over the ring of continuous complex valued func-
lions on a stonian spaces, Proc. Amer. Math. Soc. 14 (1963), 322-328.
[6] –, On algebraic closure in fwnction algebras, Proc. Amer. Math. Soc. 15 (1964),
259-263.
[7] P. Friis and M. R$rdam, Almost comrm rting self-adjoint matrices $-a$ short proof of Huaxin
Lin’s theorem, J. Reine Angew. Math. 479 (1996), 121-131.
[8] K. R. Goodearj Notes on a ctass of simple C’-algebras vnith real rank zero, Pubi. Mat. 36
(1992), 637-654.
[9] D. Hadwin and T. A. Loring, Normat operators in C’-algebras without nice approxirnants,
Proc. Amer. Math. Soc. 125 (1997), $159- 16^{1}[perp]$ .
[10] O. Hatori and T. Miura, On a characterization of the maximal ideal spaces of comrrvutative
C’-algebras in which every element is the square of another, Proc. Amer. Math. Soc, 128
(2000), 1185-1189.
[11] K. Kawamura, and T. Miura, On the ecistence of continuous (approximate) roots of
algebraic equations, preprint.
[12] A. Kumjian, An irvvolutive automorphism of the Bunce-Deddens algebra, C. R. Math.
Rep. Acad. Sci. Canada 10 (1988), 217-218.
[13] H. Lin, Almost commuting self-adjoint matrices and applications, Fields Inst. Commun.
13 (i997), 193-233.
[14] –, Approximation by normal elernents utith finete spectra in C’-algebras of real rank
zero, Pac. J. Math. 173 (1996), 443-489.
[15] T. A. Loring, Norrmat elements of C’-algebras of real rank zero without finete-spectrurn
approxirnants, J. London Math. Soc. 51 (1995), 353-364.
174
[16] T. A. Loring, Lifting Sotutions to Purturbing Problems in C’-algebas, Fields Institute
Monographs Vol. 8, Amer. Math. Soc., Providence, $\mathrm{R}\mathrm{I}$ , 1997.
[17] –, When matnces commute, Math. Scand. 82 (1998), 305-319.
[18] T. Miura, On commutative C’-afgebras in which every element is almost the square of
another, Contemp. Math. 232 (1999), 239-242.
[19] T. Miura and K. Nijima, On a characteization of the maximal ideal spaces of algebraically
closed commutative C’-algebras, Proc. Amer. Math. Soc. 131 (2002), 2869-2876.
[20] M. Rieffel, Dimension and stable rank in the $K$ -theoq of $C^{*}$ -algebras, Proc. London
Math. Soc. 46 (1983), 301-333.
